
ON DIRICHLET'S CONJECTURE ON RELATIVE
CLASS NUMBER ONE

AMANDA FURNESS

Abstract. We examine relative class numbers, associated to class
numbers of quadratic �elds Qˆ

º
m• for m A0 and square-free. The

relative class number is the quotient:

Hdˆ f • �
hˆ f 2d•
hˆd•

;

where d is the discriminant of Qˆ
º

m• and h refers to the class
number. It is not known if for every m there exists an f A 1 for
which this ratio is one, although Dirichlet conjectured that this is
true. We prove that there does exist such anf when

º
m has a

particular continued fraction form. The main result concerns when
the continued fraction is diagonal, i.e. when all entries are equal.

1. Introduction

Compared to imaginary quadratic �elds whenm @0, very little is
known about the class number problem for real quadratic �elds. Prop-
erties of the relative class number form A0 are even more elusive. An
open question in this area is whether there is a relative class number
of 1 in every real quadratic �eld. Dirichlet conjectured that this is true
and in this paper we narrow down the possibilities of where it may not
hold true by �nding a relative class number of 1 for certain values ofm.
The continued fraction expansions of

º
m follows speci�c patterns that

enable us to guarantee relative class numbers of one for many values of
m at once. We use a similar proof for each case although they rapidly
become more complicated as the period length of the continued frac-
tions lengthen. We prove Dirichlet's conjecture for continued fraction
expansions with period lengths of 1, 2 and 3 as well as all cases whereº

m � an; a; a; : : : ; a;2nf . In addition, we prove the conjecture for some
special cases of period lengths 4 and 5.

Sections 2, 3, and 4 will provide the necessary background for Dirich-
let's formula for computing the relative class number, which is intro-
duced in Section 5. Section 6 will then give background on continued
fractions which will lead in to our research and results in Sections 7
and 8.

1
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2. Quadratic Fields
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This gives us the equation 392 − 52 ⋅ 61 � −4, soˆx; y• � ˆ39;5•. Thus

the fundamental unit for d � 61 is "61 �
39+ 5

º
61

2
.

4. Quadratic Reciprocity

We now introduce the Legendre symbol along with some of its useful
properties, which will appear in our main theorem in Section 5.

De�nition 4.1. The symbol ‹
a
p

• is called theLegendre symbol and is

de�ned as follows:

‹
a
p

• �

¢̈
¨̈̈
¦
¨̈̈
¤̈

0 if p Sa
1 if x2 � a ˆmod p• has a solution
−1 if x2 � a ˆmod p• has no solution

wherea; p>Z and p prime.

The following theorem presents properties that help us determine
the value of the Legendre symbol in di�cult cases.

Theorem 4.2. [?] Let a; b; p>Z. Then the following properties hold:

(1) If a � b ˆmod p• then ‹
a
p

• � ‹
b
p

•

(2) ‹
ab
p

• � ‹
a
p

• ‹
b
p

•

(3) If p; q are odd primes with p x q, then

‹
q
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wherehˆf 2d• refers to the class number de�nition above but with�; � >
Of . It should be clear that hˆd• B hˆf 2d• sinceOf b O. Rather than
computing this ratio directly, we have a formula to compute the relative
class number shown in the following theorem from Dirichlet.

Theorem 5.1 (Dirichlet) . [?] Let m be a �xed, square-free, positive
integer, and d be the �eld discriminant of Qˆ

º
m•. De�ne  ˆ f • �

f ∏
qSf

‹ 1− ‹
d
q

•
1
q

• where ‹
d
q

• is the Legendre symbol and q is prime.

De�ne � ˆ f • to be the smallest positive integer such that ˆ"m•φ�f� >Of ,

i.e. ˆ"m•φ�f� �
x + y

º
m

z
where y � 0 ˆmod f •. Then

Hdˆ f • �
 ˆ f •
� ˆ f •

Dirichlet conjectured that for everym and correspondingd there ex-
ists an f such that Hdˆ f • � 1, although this remains an open question.
We examine this problem by looking at the continued fraction expan-
sions of

º
m for certain values ofm, which will be preceded by some

background on continued fractions.

6. Continued Fractions

We begin by de�ning the type of continued fraction we are interested
in.

De�nition 6.1. The in�nite periodic continued fraction denoted
aa0; : : : ; an; b0; : : : ; bmf is equal to
`a0; : : : ; an; b0; : : : ; bm; b0; : : : ; bm; b0; : : :e

� a0 +
1

: : :+ 1
an+ 1

b0+
1

:::+ 1
bm+

1
b0+:::

More speci�cally,
º

m has a certain form of in�nite periodic contin-
ued fraction expansion.

Theorem 6.2. [?] The continued fraction expansion of
º

m for a pos-
itive integer m that is not a perfect square is an; a1; a2; : : : ; a2; a1; 2nf
where n � 


º
m� .

De�nition 6.3. [?] For any continued fraction `a0; a1; a2; : : :e, a con-

vergent
hi
ki

�
aihi−1 + hi−2

aiki−1 + ki−2

wherei C0 and h−2 � 0, h−1 � 1, k−2 � 1, and

k−1 � 0 .
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7. Main Results

Our main result is the proof of a relative class number of one for
all m values such that

º
m � an; a; a; : : : ; a;2nf . We lead up to this

theorem with three simple cases:an; 2nf , an; a;2nf , and an; a; a;2nf .
We approach each of these simple cases by �nding a general form of
m, using our algorithm to �nd the fundamental unit, then proving the
existence of anf that gives a relative class number of one.

7.1. The Base Case an; 2nf . We will examine the continued fraction
expansions of

º
m, beginning with the simplest casean; 2nf . We start

by solving the continued fraction for a general form ofm.

Lemma 7.1. The continued fraction an; 2nf � n +
1

2n + 1
2n+...

, is equal
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i -2 -1 0 1
ai n 2n
hi 0 1 n
ki 1 0 1

This gives us the equationn2 − 12 ⋅m � −1. So ifm � 2; 3 ˆmod 4•, the
fundamental unit for m � n2 + 1 is " � n +

º
m. If m � 1 ˆmod 4•, we

get ˆ2n•2 − ˆ2 ⋅ 1•2 ⋅m � −4 so the fundamental unit is" �
2n + 2

º
m



8 AMANDA FURNESS

2nx + 1 � 2an + ax−1 + 1
2n � 2anx−1 + ax−2

ax−2 + 2anx−1 − 2n � 0

x−1 �
−2an ±

»
4a2n2 + 4ˆ2an•

2a

� −n ±

¾

n2 +
2n
a

Disregarding the negative solution gives usan; a;2nf � n + x−1 �

n +
’

”
−n +

¾

n2 +
2n
a

“

•
�

¾

n2 +
2n
a

: Sincem >Z and m is square-free,

we must have thata S2n and n2 +
2n
a

is not a perfect square.

�

Next we �nd the general form of the fundamental unit.

Lemma 7.5.
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Proof. Let x � aa; a;2nf . So an; a; a;2nf � n + x−1. Note that x �
aa; a;2nf � `a; a;2n; xe. So

x � a+
1

a+ 1
2n+x−1

x � a+
1

2an+ax−1+1
2n+x−1

x � a+
2n + x−1

2an + ax−1 + 1
2anx + a+ x � 2a2n + a2x−1 + a+ 2n + x−1

ˆa2 + 1•x−2 + ˆ2a2n + 2n•x−1 − ˆ2an + 1• � 0

x−1 �
−2a2n − 2n ±

»
ˆ2a2n + 2n•2 + 4ˆa2 + 1•ˆ 2an + 1•

2ˆa2 + 1•

� −n ±
1

2ˆa2 + 1•

»
n2ˆ2a2 + 2• + 2ˆ2a2 + 2•ˆ 2an + 1•

� −n ±

¾

n2 +
2an + 1
a2 + 1

Disregarding the negative solution gives usan; a; a;2nf � n + x−1 �

n +
’

”
−n +

¾

n2 +
2an + 1
a2 + 1 x

1
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This gives us the equation̂ a2n + a + n•2 − ˆa2 + 1•2 ⋅ m � −1 so the

fundamental unit for m � n2+
2an + 1
a2 + 1

is "m � ˆa2n+a+n•+ˆa2+1•
º

m.

�

We now provide the criteria for anf that will give us a relative class
number of 1, which follows the pattern introduced in the �rst two014rst87(class)]TJ -19Qes552 Tf 4.853 0 Td [(�W)80248227(b)-Lemm0240552 Tf 73061 0 Td [(1) [(287(willL)50(et52 Tf 177.531 0 Td [2hat73F69 11.9552 Tf 13.129 0 Td [(�91TJ/F45 11.9552 Tf 9.279 0 Td [(n)])]TJ/F66 101 Tf 6.988 4.64 Td [(2)]TJ/F616 11.9552 Tf 7.044 -3.459 Td 2F43-J/F616 11.91.9552 Tf 10.019 0 Td [(1)].64 TJ/F45 11.9552 Tf 5.853 0 Td [(an)]TJ/F66 11.9552 Tf 15.444 0 Td [(�)]TJ/F15 11.9552 Tf 9.321 0 Td [(1)]TJ2ET
q
1 0 0 1 279.214 649.451  [(94 568d [(W.538 w 0 0 m 36.471 0 l S
Q
BT
/F45 11.9552 Tf 283.268 638.129 )]Tm)255d [83 7.9701 Tf 6.145 3.459 Td [(2)]TJ/F86 11.9552 Tf 7.044 -3.459 Td [(�)]T8/F15 11.9552 Tf 9.321 0 Td [(1)]TJ 14.296 8.279 f 73061 0 Td [(161 103)]TJ/84 11.955-522)27e552 Tf 177.531 0 Td [436.99F43 7.9701 Tf 673061 0 Td [(160)]T6F43 7.97(es)374(eve55)374(and5)374(st)r)50(es)374(exist-13.948238d [41 Td 2943 7.9701-350(prime52 Tf 177.531 0 Td [43 [(7F15 11.9552 Tf 73061 0 Td [(161 2J/F66 11.such1-350()-2882 Tf 5.853 0 Td [(an36.1/F15 11.9552 Tf 9.279 0 Td [(�936F43 7.97S52 Tf 5.853 0 Td [(an)491TJ/F45 1m52 Tf 73061 0 Td [(164.42J/F66 11.95d52 Tf 177.531 0 Td [22.715F15 11.9552 Tf 63279 0 Td [(�936F43 7.97TJ 52 Tf 9.279 0 Td [(n)]9)]TJ/F51 101 Tf 6.145 3.459 Td [(24]TJ/F66 11.9552 Tf 7.743 -3.644 Td 09.224)]TJ/F15 11.9552 Tf 8.061 0 Td [(1)]TJ 14.296 8.279 f 73061 0 Td [(1n)]TJ/F66 11..13.948206)]T6W)8027425(giv)Pr)50(o)50(of.52 Tf 8.061 0 Td [(13d [7(287(willLet52 Tf 177.531 0 Td [2Td 5(287(willk52 Tf 10.879 1.799 Td [692TJ/F45 11.9552 Tf 11.062 0 Td [(")]7)]TTJ/F75 11.9552 Tf 5.853 0 Td [(an)]TJ/F66 11.9552 Tf 15.444 0 Td [(�)]TJ/F15 11.9552 Tf 9.321 0 Td [(1)]TJ2ET
q
1 0 0 1 279.214 649.45106)7)]T522.3TJ
.538 w 0 0 m 36.471 0 l S
Q
BT
/F45 11.9552 Tf 283.268 638.129d [(42 5d [9953 7.9701 Tf 6.145 3.459 Td [(2)]TJ/F86 11.9552 Tf 7.044 -3.459 Td [(�)]T8/F15 11.9552 Tf 9.321 0 Td [(1)]TJ 14.296 8.279 161 103)]TJ/84 11.955-658(If52 Tf 177.531 0 Td [23 [0]TJ/F51 101 Tf 610.019 0 Td [(1)]93J/F66 11.(clasertion00(46(in)-d,-3150()-(foe55) [()1(tion00(denominat/F45 [()2(whn00(thi-13.948 52.(�3)5745 11.9frac1.955]TJ -(classul(the)-2of)-246the)-2eass8oe5.whn09(But(�rst)-246(tnss8oumerat/F45e)-246(patte46(in)-d,-3-246and5)014rst46(patte(classul(the)-2makss)]TJ2 Tf 177.531 0 Td [0n)27(um)27(b)-k1 Tf 610.019 0 Td [(1)]6J/F51 11.95ot(�9.955�9.duced)-e(foger55-503)27(es)349.des)349.as)349.couced)-2adic1.955]349.sinces)348.(clase5]349.kro)27(vi2 Tf 177.531 0 Td [2 cm49(287(willk52 Tf 10.019 0 Td [(1)]6J/F51 11.9-246(ust(�9.of)-246th349.95519.58 0 [(22n)27(um)27(b)-duced)-eger,-3326TJ -2 Tf 5.853 0 Td [(an6)]19TJ/F51 101 Tf 610.019 0 Td [(1)] [() 11.9-246(ust(�-2of)-246th3-246ass8oe5.w19.5854.41n)27(um)27(b)-No)27(v,-3326TJinces2 Tf 5.853 0 Td [(an86.9287(willk52 Tf 10.879 1.799 T)]T(287(will>52 Tf 2.009 0 Td [(1)-95 14.296 8Z52 Tf 7.009 0 Td [(1)-)]TJ/F45 1,279 161 3054820[9935 11.9552 Tf 5.853 0 Td [(an)]TJ/F66 11.9552 Tf 15.444 0 Td [(�)]TJ/F15 11.9552 Tf 9.321 0 Td [(1)]TJ
ET
q
1 0 0 1 f 10.879 1.799 Tdn)]T6F43 7.971.9552 Tf -18.626 -23.9116)]5 14.296 8552 Tf 9.279 0 Td [(Œ)]TJ/F51 11.9552 Tf 1.201 0 Td [(a)]TJ/F43 7.97m46(in)-i2 Tf 177.531 0 Td [26)]39F43 7.9701 Tf 6.145 3.644 Td [(2)]J/F66 11.9552 Tf 5.784 -4.64 Tdd [(�)]TJ/F15 11.9552 Tf 9.257 7.946 Td [TJ
ET
q
1 0 0 1 f 5.853 0 Td [(•)]TJ/F43 7.9701 Tf 5-18.626 -23.91 T64.65(�)4355 11.9552 Tf 5.853 0 Td [(an)]TJ/F66 11.9552 Tf 197.531 0 Td [23 096F43 7.971.9552 Tf 15.444 0 Td [(�)]52TJ/F15 11.9552 Tf 7.009 0 Td [(1)-425(so)-425(t2 Tf 9.279 0 Td [(Œ)3TJ/F51 11.9552 Tf 1.201 0 Td [(a)]TJ2F43 7.97m46(in)-i2 Tf 177.531 0 Td [26)]38F43 7.9701 Tf 6.145 3.644 Td [(2)]J/F616 11.9552 Tf 5.784 -4.64 Tdd [(�)]TJ1/F15 11.9552 Tf 9.257 7.946 Td [TJ
ET
q
1 0 0 1 f 5.853 0 Td [(•)]TJ/F43 7.9701 Tf 5-18.626 -23.91 T2Td65.7003)4345 11.9552 Tf 5.853 0 Td [(an)]TJ/F66 11.9552 Tf 197.531 0 Td [23 096F43 7.971.9552 Tf 45.444 0 Td [(�)]52TJ/F15 101 Tf 6.145 3.459 Td [(24]J/F66 11.9552 Tf 8.061 0 Td [(‹(n)])]TJ/F15 11.9552 Tf 1.201 0 Td [(a)]TJ/F43 7.97m46(in)-i2 Tf 177.531 0 Td [26)]39F43 7.9701 Tf 6.145 3.644 Td [(2)]J/F66 11.9552 Tf 5.784 -4.64 Tdd [(�)]TJ/F15 11.9552 Tf 9.257 7.946 Td [TJ
ET
q
1 0 0 1 f 5.853 0 Td [(•)]TJ/F43 7.9701 Tf 5-18.626 -23.91 T600536�)4355 11.9552 Tf 5.853 0 Td [(an)]TJ/F66 11.552 Tf 197.531 0 Td [�)95 14.296 81.9552 Tf 45.444 0 Td [(�)]52TJ/F15 101 Tf 69.279 0 Td [(•45TJ/F51 11.9552 Tf 1.201 0 Td [(a)]TJ/F43 7.97m46(in)-i2 Tf 177.531 0 Td [26)]39F43 7.9701 Tf 6.145 3.644 Td [(2)]J/F616 11.9552 Tf 5.784 -4.64 Tdd [(�)]TJ1/F15 11.9552 Tf 9.257 7.946 Td [TJ
ET
q
1 0 0 1 f 5.853 0 Td [(•)]TJ/F43 7.9701 Tf 5418.626 -23.91 T02)95 1820[5166 11.552 Tf 197.531 0 Td [�)95 14.296 81.9552 Tf 45.444 0 Td [(�)547TTJ/F75 11.9a0 1 279.214 649.45197.8054369.J 0.569 w 0 0 m 10.471 0 l S
Q [(2)]5 11.9552 Tf 9.257 7.946 Td197.95 135027686 11.9552 Tf 8.061 0 Td [(�)].953]TJ/84 11.91.9552 Tf 1.201 0 Td [(a)]TJ/F43 7.97m46(in)-i2 Tf 177.531 0 Td [26)]39F43 7.9701 Tf 6.145 3.644 Td [(2)]J/F616 11.9552 Tf 5.784 -4.64 Tdd [(�)]TJ1/F15 11.9552 Tf 9.257 7.946 Td [TJ
ET
q
1 0 0 1 f 5.853 0 Td [(•)]TJ/F43 7.9701 Tf 5-18.626 -23.91 2462676W)82141J/F15 1So52 Tf 45.444 0 Td [(�)2)]TJ/F15 1n52 Tf 10.879 1.799 T)]87(287(will1.9552 Tf 9.279 0 Td [(n)]TJ/F43 7.97l0 1 f 5.853 0 Td [(� [49TJ/F45 11.9552 Tf 5.202 0 Td [(a)]TJ/F43 7.9701 Tf 6.145 3.644 Td [(2)]J/F616 11.9552 Tf 5.784 -4.64 Td[(2)602)]TJ1/F15 11.9552 Tf 9.257 7.946 Td [264ET
q
1 0 0 1 f 5.853 0 Td [(•)]TJ/F43 7.9701 Tf 55.784 -4.64 Tdd 4)]TJ/F45 11.9552 Tf 10.019 0 Td [(n)]]TJ/TJ/F45 11.9a0 1 279.214 649.451�)1686]39.6750.569 w 0 0 m 10.471 0 l S
Q [(2)]5 11.9552 Tf 9.257 7.946 Td103)]1J/32213566 11.9552 T(")]TJ43]TJ/84 11.9J/F45324TJ m6th3-3(p6(in)osiclass)]TJ 324Tduced)-ege(fo552 Tf 108.105 0 Td [(29.J 2F43 7.97l0 1 f 7.009 0 Td [(1)-61]TJ/F45 11.50of)-246causTJ 324Tdfs2 Tf 5.853 0 Td [(an86.3F43 7.97l0 1 f 10.879 1.799 T6.639TJ/F45 11.9552 Tf 11.062 0 Td [()]TJ/F43 7.970,J 324Twss)]TJ 324Tar -19.58 T2.865W)80201627(b)-duc)827912 -19.f 5.853 0 Td [(�.11/F1.1543 7.9701 Tf 6..732 -3.644 Td [1n)]1.1543 7.97n;0 1 279.214 649.4517BT
/ ]19]TJ/F.569 w 0 0 m 10.471 0 l S
QT2.841]5 11.9552 Tf 9.257 7.946 Td17BT
/ ]09)]T6F 11.9552 Tf 5.853 0 Td [(an)]TJ/F66 11.552 Tf 6.987 0 Td [(•)]TJ.1543 7.97f52 Tf 8.061 0 Td [(1)]2J/F]1.1543 7.9719Qe1.51cn ˆ n624
�[(94 ]TJ/F45 11.�9552 Tf .145 3.644 Td [()]TT2.6056 11.9552 Tf 5.784 -4.64 TdBT
1602T2.6056 11.91.9552 Tf 8.062 0 Td [(n)]6J/F69 11.9k52 Tf 10.879 1.799 T)]T7]TJ/F45 1A52 Tf 9.279 0 Td [(n)]TJ/F43 7.9701 Tf 6.145 3.644 Td [(2)]J/F66 11.9552 Tf 5.784 -4.64 TdBT
1602
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So
Pr
Qr

�
kr

hr−1

�
2n ⋅ kr−1 + kr−2

hr−1

�
2nˆakr−2 + kr−3• + akr−3 + kr−4

ahr−2 + hr−3

�
aˆ2n ⋅ kr−2 + kr−3• + 2n ⋅ kr−3 + kr−r

ahr−2 + hr−3

�
a ⋅Pr−1 +Pr−2

a ⋅Qr−1 +Qr−2

Thus Pr
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Proof. We know that since
Pr
Qr

>Z, Pr � 0 ˆmod Qr•. By reducing the

formula in the previous theorem moduloQr we get

0 � 2nQr−1 − aQr−1 ˆmod Qr•:

So 2nQr−1 � aQr−1 ˆmod Qr• and thus 2n � a ˆmod Qr•. �

With this relationship between n and a, we can now �nd a general
form of n that will guarantee the existence of a prime that will give us
a relative class number of one.

Lemma 7.15. Let
º

m � an; a; a; : : : ; a;2nf �

¾

n2 +
Pr
Qr

. Then there

exists a prime f such that f Sm and f ∤ Qr.

Proof. By the previous lemma, 2n � a ˆmod Qr•. So we have three
possibilities: a and Qr are both even,a and Qr are both odd, ora is
even andQr is odd. These give us the following values ofn:

n �

¢̈
¨̈̈
¨̈̈
¦
¨̈̈
¨̈̈
¤̈

a
2
+ l ⋅

Qr

2
, for somel A0 whena and Qr are both even

a+Qr

2
+ l ⋅Qr, for somel C0 whena and Qr are both odd

a
2
+ l ⋅Qr, for somel A0 whena is even andQr is odd

In each of these cases, we getm � n2 +
Pr
Qr

A Qr. Thus there must

exist a prime that dividesm
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complete all these steps for the general case and will therefore look at
only a few special cases.

Theorem 8.1. The continued fraction an; a; b; a;2nf is equal to
¾

n2 +
2abn+ 2n + b

a2b+ 2a
where a2b+2a S2abn+2n+b and n2+

2abn+ 2n + b
a2b+ 2a

is not a perfect square.

The proof of this theorem is of the same form as the corresponding
proofs in the previous cases but is omitted here due to the complexity
of the resulting quadratic equation.

We continue with this case by �nding the fundamental unit.

Theorem 8.2. Let
º

m � an; a; b; a;2nf �

¾

n2 +
2abn+ 2n + b

a2b+ 2a
. Then

the fundamental unit "m � ˆa2bn+ a2 + b2 + an + 1• + ˆa2b+ 2a•
º

m.

Proof. �

We simplify this into a few special subcases, looking at only partic-
ular values ofa and b.

In each case, we have simpli�ed the problem to proving that there
exists a primef that divides m and does not divide the denominator of
the fraction of the general form ofm
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Now, sincek >Z,

2an + 2n + 1 � 0 ˆmod a2 + 2a•

2nˆa+ 1• � −1 ˆmod a2 + 2a•

� −a2 − 2a− 1 ˆmod a2 + 2a•

� −ˆa+ 1•2 ˆmod a2 + 2a•

n � − ‹
a+ 1
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Corollary 8.9 (of Theorem??). If
º

m � an; 2; b;2; 2nf �
¾

n2 +
4bn+ 2n + b

4b+ 4
, then the fundamental unit

"m � ˆ4bn+ 2n + b2 + 5• + ˆ4b+ 4•
º

m.

We now guarantee a relative class number of 1 in the same manner
as the previous three subcases.

Theorem 8.10. If
º

m � an; 2; b;2; 2nf �

¾

n2 +
4bn+ 2n + b

4b+ 4
, then b

is even and there exists a prime f such that f Sm and f ∤ 4b+ 4.

Proof. Let k � Ñ 4b+ 4Ñ 4 b
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Additionally, we will immediately prove the existence of anf that
divides m and does not divide the denominator of the corresponding
fraction in the general form ofm, with the assumption that this de-
nominator is they-term of the fundamental unit and will therefore give
us a relative class number of 1 by the logic provided in previous cases.

Theorem 8.12. If
º



20 AMANDA FURNESS

Future research in this area might include continuing our proof tech-
nique for larger continued fraction expansions, �nding a way to gener-
alize the an; a; b; a;2nf and an; a; b; b; a;2nf cases based on the simple
subcases we solved (i.e. by induction), or �nding a new way to handle
these larger cases.
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