ON DIRICHLET'S CONJECTURE ON RELATIVE
CLASS NUMBER ONE

AMANDA FURNESS

Abstract. We examine relatjve class numbers, associated to class
numbers of quadratic elds Q" me for m A0 and square-free. The
relative class number is the quotient:
h™f 2de

d
where d is the discriminant of Q© me and h refers to the class
number. It is not known if for every m there exists anf A1 for
which this ratio is one, although Dirichlet conjectured that this is
true. We prove that there does exist such anf when m has a
particular continued fraction form. The main result concerns when
the continued fraction is diagonal, i.e. when all entries are equal.

HdAf b

1. Introduction

Compared to imaginary quadratic elds whenm @O0, very little is
known about the class number problem for real quadratic elds. Prop-
erties of the relative class number fom AO are even more elusive. An
open question in this area is whether there is a relative class number
of 1 in every real quadratic eld. Dirichlet conjectured that this is true
and in this paper we narrow down the possibilities of where it may not
hold true by nding a relative class ngmber of 1 for certain values ah.
The continued fraction expansions of m follows speci ¢ patterns that
enable us to guarantee relative class numbers of one for many values of
m at once. We use a similar proof for each case although they rapidly
become more complicated as the period length of the continued frac-
tions lengthen. We prove Dirichlet's conjecture for continued fraction

special cases of period lengths 4 and 5.

Sections 2, 3, and 4 will provide the necessary background for Dirich-
let's formula for computing the relative class number, which is intro-
duced in Section 5. Section 6 will then give background on continued
fractions which will lead in to our research and results in Sections 7
and 8.
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2. Quadratic Fields
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This gives us the equation 39-5 [61 -4, s07X;ys "395. Thus
39+5 61

the fundamental unit ford 61 is"g; >

4. Quadratic Reciprocity
We now introduce the Legendre symbol along with some of its useful

properties, which will appear in our main theorem in Section 5.
De nition 4.1. The symbol« :—:- is called thelLegendre symbol and is
de ned as follows:

. 0 ifps

<—+ 11 ifx?> a"mod pe has a solution

P a—1 if x> a"modpe has no solution

wherea;p>Z and p prime.

The following theorem presents properties that help us determine
the value of the Legendre symbol in di cult cases.

Theorem 4.2. [?] Let a;b; p>Z. Then the following properties hold:
a b
1) Ifa b"mod pe then <=« <—o
( Y Y

(2) (a_bo (9..( E)o

(3) If p;gare odd primes with px g, then
q

<
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whereh”f 2de refers to the class number de nition above but with; >
Oy. It should be clear thath"de Bhf 2de sinceO; b O. Rather than
computing this ratio directly, we have a formula to compute the relative
class number shown in the following theorem from Dirichlet.

Theorem 5.1 (Dirichlet). [?] Let m be a xed, square-free, positive
integer, and d be the eld discriminant of Q° me. De ne “fe

f |—|<1—<9- é- where <g- is the Legendre symbol and q is prime.

@f
De ne “fe to be the smallest positive integer such that *",,«¢ / >Oy,
.. +y m R
i.e. ", 00 f xry wherey 0 "mod fe. Then
“fo
H;fe
d Af °

Dirichlet conjectured that for every m and correspondingd there ex-
ists anf such thatH, fe 1, although this remains an open question.
We examine this problem by looking at the continued fraction expan-
sions of m for certain values ofm, which will be preceded by some
background on continued fractions.

6. Continued Fractions
We begin by de ning the type of continued fraction we are interested
in.

De nition 6.1. The in nite periodic continued fraction denoted

agp + L :
M o

an+b + lI
0" 1
b

o
More speci cally, m has a certain form of in nite periodic contin-

ued fraction expansion.
o

Theorem 6.2. [?] The continued fraction expansion of m for a pos-
itive integey m that is not a perfect square is an;ay; ay;:::;a;ay; 2nf
where n m .

De nition 6.3.  [?] For any continued fraction "ay; a;; a,;:::€ a con-
h; h;—1 +h;_ .
\liergent k_z W wherei COandh_, 0,h; 1,k 1, and
41 0.
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7. Main Results

Our main result is the proof of a relative class number of one for

theorem with three simple casesan; 2nf, an; a;2nf, and an; a;a;2nf.
We approach each of these simple cases by nding a general form of
m, using our algorithm to nd the fundamental unit, then proving the
existence of arf that gives a relative class number of one.

7.1. The Basg Case an;2nf. We will examine the continued fraction

expansions of m, beginning with the simplest casen; 2nf. We start
by solving the continued fraction for a general form oin.

. . — 1 .
Lemma 7.1. The continued fraction an;2nf n+ ot I is equal
2n+...
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i [-2(-1]0] 1
a; ni2n
hz‘ Ol1n
k| 1101

This gives us the equatiom? — 12 [m
fundamental unit form n2+1is"

get "2ne2—-"2[+2 [ -4 so the fundamental unit is"

-1.,S0ifm 2;3"mod 4, the

n+ m. Ifm 1" mod ¢4, we

2n+2 m
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2nx+1 2an+axl+1
2n 2anx+ax?

ax?+2axt-2n 0
-2an+ 4aZn?+4 2ane

-1

X
Y 2a

2n

-nx n?2+—

a

Disregaar/ding the negﬁtive solution gives usn;a;2nf n+ x?
4 4
’ 2n* 2n . :

n+ -n+ n2+ = n2+ = Sincem >Z and m is square-free,

2n .
we must have thata 2n and n? + = is not a perfect square.

Next we nd the general form of the fundamental unit.

Lemma 7.5.
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Proof. Let x aa;a;2nf. Soan;a;a;2nf n + x71. Note that x

a:a2nf "a;a;2n;xe So
1
a+ o

2n+x~1

1

2an+tax~1+1
2n+z~1

X a+t

X a+t

N 2n +x71
2an+ax1+1
2anx +a+x 2aln+a’xl+a+2n+x"

"a?+1ex?+72a°n+2nex 1 -"2an+1s 0

1

»

1 -2a°n-2n+ "2an+2ne2+47az+ 1" 2an+ 1.

2 a2+ 1e
1 »
—nim N2"2a2 + 2¢ + 2°2a2 + 2" 2an + 1e
Yy
Nt 2+ Zan+1
- az+1

Disregaérﬁing the negative solution gives uan;a;a;2nf n+x
A

Zan+1
n+ -n+ n?+———

az+1x

-1
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This gives us the equation"a?n +a+ne2-"a2+1+2[m -1 so the
2an+1 . °

n ~ 2 ~ 2 —
21 s",, ‘an+atne+ a‘+le m.

U

fundamental unit form n%+

We now provide the criteria for anf that will give us a relative class
number 8744 which follows the pattern introduced in the rst two014rst8 DRADSSPTTf-790RE 551
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So

P, K. 2n[K,-1 + K,

Qr h,—1 -1
2n"ak,—, + K,—3* + ak,—3 + K,—4

ah,— +h,_3
a2nlk,—, +k.—z*+2nk,_3+Kk,_,
ah,, +h,3

alP,_1+P,
alQ,-1+Q,—

Thus P,
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Proof. We know that since& >Z, P, 0°modQ,*. By reducing the
formula in the previous theorem moduldQ, we get

0 2nQ,-1-aQ,-;1 "mod Q,e:
So 1Q,-; aQ,-1 'modQ,* and thus h a"mod Q,e. O

With this relationship betweenn and a, we can now nd a general
form of n that will guarantee the existence of a prime that will give us
a relative class number of one.

3,
o
— _— P
Lemma 7.15. Let m an;a;a;:::;a;2nf n2+ —=. Then there

exists a prime f such that f Sn and f [Q,.

T

Proof. By the previous lemma, 2 a "modQ,s. So we have three
possibilities: a and Q,. are both even,a and Q, are both odd, ora is
even andQ, is odd. These give us the following values of.

¢g +1 D% for somel AO whena and Q, are both even
2

n arQ [Q,, for somel CO whena and Q, are both odd
ug +1 [Q,, for somel AO whena is even andQ, is odd

P,
In each of these cases, we gat n?+ — AQ,. Thus there must

exist a prime that dividesm
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complete all these steps for the general case and will therefore look at
only a few special cases.

g}heorem 8.1. The continued fraction an; a; b;a;2nf is equal to
4

+2n+ +2n+
2abn+2n +b where a’b+2a Sabn+2n+band n2+w

- a2b+ 2a a2b+ 2a
IS not a perfeCt square.

n2+

The proof of this theorem is of the same form as the corresponding
proofs in the previous cases but is omitted here due to the complexity
of the resulting quadratic equation.

We continue with this case by nding trge fundamental unit.

Y4
o __ — 2abn+2n+b
Theorem 8.2. Let m an;a;b;a2nf n2+a—. Then
a’b+2a o
the fundamental unit ",, ~“a?bn+a2+bk?+an+ 1+ a2b+2a* m.
Proof. O

We simplify this into a few special subcases, looking at only partic-
ular values ofa and b.

In each case, we have simpli ed the problem to proving that there
exists a primef that divides m and does not divide the denominator of
the fraction of the general form ofm
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Now, sincek >Z,
2an+2n+1 0 “mod a2 + 2ae
2n"a+ 1e -1"mod a2 + 2ae
—-a’—2a—-1"mod a2 + 2as
—"a+ 12 "mod a2 + 2ae
(a+1
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(0]

g/‘orollary 8.9 (of Theorem??). If m an;2;b;2;2nf

A

N 4dbn+2n+b
4b+ 4

" Cdbn+2n+ 12 +5¢ +74b+ 4. m.

We now guarantee a relative class number of 1 in the same manner
as the previous three subcases.

n2 , then the fundamental unit
[o]

Y

o
Theorem 8.10. If m an;2:b:2;2nf n2+4b%fz+b, then b

is even and there exists a prime f such that f Sm and f [4b+ 4.

Proof. Letk . 4b+44
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Additionally, we will immediately prove the existence of arf that
divides m and does not divide the denominator of the corresponding
fraction in the general form ofm, with the assumption that this de-
nominator is they-term of the fundamental unit and will therefore give
us a relative class number of 1 by the logic provided in previous cases.

0]

Theorem 8.12. If
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Future research in this area might include continuing our proof tech-
nique for larger continued fraction expansions, nding a way to gener-
alize the an; a; b;a2nf and an;a;b; b;a2nf cases based on the simple

subcases we solved (i.e. by induction), or nding a new way to handle
these larger cases.

References

[1] Cohn, Harvey. \A Numerical Study of the Relative Class Numbers of Real
Quadratic Integral Domains." Mathematics of Computations, Vol. 16, No. 78
(Apr., 1962), pp. 127-140.

[2] Landau, Edmund. Elementary Number Theory. Chelsea: Providence, 1966. pp
53-75.

[3] Niven, Ivan, Herbert Zuckerman and Hugh Montgomery. An Introduction to
the Theory of Numbers. 5th ed. Wiley, 1991. pp. 325-358.



